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ABSTRACT. The goals of the present paper are to introduce truncated Lupag
type operators of max-product kind and give an estimation for the degree of
approximation with respect to first modulus of continuity function. We prove
that this estimate can not be improved; on the other hand, for some subclasses
of functions, better degree of approximation is obtained. We also showed the
piecewise convexity of the constructed operators on the interval [0, 1].

1. INTRODUCTION

As it takes very important place in the approximation theory, the sequences
of positive linear operators of discrete type have been studied by various authors
in the last century. One of those operators that we deal with in this paper was
constructed by A. Lupas [23] in 1995. His starting point in this construction was
the identity

o0

1 (Ve &
1—a) =D et lal<t
k=0

With the help of this identity, he defined the following sequence of operators which
is linear and positive:
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!
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with f : [0,00) — R. The notation here is the Pochhammer symbol and given by
Yo=1, (Ve=70O+1D..(y+k-1),k>1

Imposing L,, (e1) = e1, one finds a = 1/2 and therefore the operator turns into,

L) @) =230 Gk (B) oz 1)

n
k=0

Agratini |2] studied the approximation properties of these operators by means of
Korovkin’s theorem and gave estimates for the rate of convergence of the operators.
The well-known Korovkin’s theorem, which gives a simple proof of Weierstrass the-
orem, is based on the approximation of functions by linear and positive operators.
The underlying algebraic structure of these mentioned operators is linear over R
and they are also linear operators. The idea of nonlinear positive operators was
given by Bede et al. in [3]. They asked whether they could change the underlying
algebraic structure to more general structures. In this sense they presented nonlin-
ear Shepard-type operators by replacing the operations sum and product by max
and product.

Following this paper Bede et. al. [4] defined and studied pseudo linear approx-
imation operators. Based upon these studies, there appeared an open problem in
the book of S.Gal [17] in which the max-product type Bernstein operators were
introduced. Related to this open problem, a nonlinear modification of the classical
Bernstein operators were first studied by Bede and Gal [5] in detail. The idea be-
hind these studies were also applied to other well-known approximating operators.
Same authors introduced the nonlinear versions of the previously defined operators
and they studied the approximation order and shape-preserving properties of the
stated operators.

The nonlinear Favard-Szész-Mirakjan operators of max-product type F,(LM) is
given in [5] as

V suk (@) £ (£)
k=0

\T} Sn,k (x)
k=0

EXM (f) () = ,z€[0,00), n €N,

where s, 1 (z) = (n:!)k . Bede, Coroianu and Gal [6] introduced the truncated

Favard-Szasz-Mirakjan operators of max-product type as follows:
n
kVO sk (2) f ()

V $uk ()
k=0

, x€0,1], neN.

Recently, Giingér and ispir studied quantitative estimations for the generalized
Szdsz operators of max product type in [18]. Also, they constructed nonlinear
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Bernstein-Chlodowsky operators of max-product type in [19]. Holhos [20] stud-
ied weighted approximation of functions by Meyer-Konig and Zeller operators of
max-product type. Coroianu and Gal [8,|9] introduced truncated max-product
Kantorovich operators based on Fejer Kernel and generalized (i, 1))-kernels. By
Costarelli and Vinti, the max-product neural networks operators were studied
in [11]- [15]. Recently, in [1], the max-product of Bernstein operators for sym-
metric ranges are introduced by Acar et.al. and upper estimates of approximation
error for some subclasses of functions are obtained. Also, they investigated the
shape-preserving properties of the operators.

In this paper, the nonlinear truncated Lupas operators of max-product type
are introduced. We estimate the degree of approximation of the defined sequence
of operators. More importantly, we show that the estimate with respect to the
modulus of continuity function cannot be improved. On the other hand, for some
subclasses of functions, better order of approximation is obtained. Finally, we
proved that our sequence of operators is piecewise convex on the interval [0, 1] for
any arbitrary function f.

Before proceeding further, we will recall some general notations about the max-
product type nonlinear operators. Considering the set of positive real numbers R,
we deal with the maximum ”\/” and the product ”-” operations. Then (R4, \/, -)
is called as Max-Product algebra.

Let I C R be a bounded or unbounded interval, and

CBy(I)={f:I— Ry; f continuous and bounded on I}.

A discrete max-product type approximation operator L, : CBy(I) — CB4(I), has
a general form

or
oo

Ly (f) (@) = \/ Du(w,2:) f (as)
i=0

where n € N, f € CBy(I),D,(-,xi) € CB+(I) and x; € I, for all i. The above
form of the operators are positive and nonlinear. These operators also satisfy the
pseudolinearity condition which is of the form

Lo(a- fvb- g)(x)=a- L(f)(z)Vb- Ly(9)(x),Va,be Ry, f,g: T = R;.

In order to give some properties of the operators L,, we present the following
auxiliary Lemma.

Lemma 1. ( [5)]) Let L, : CB{(I) = CB+(I), n € N be a sequence of operators
satisfying the following properties :
(i) (Monotonicity)
If f,g € CBL(I) satisfy f < g then L,(f) < Ln(g) for alln e N ;
(1) (Subadditivity)
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Ln(f +9) < Lu(f) + Ln(g) for all f,g € CB(1).
Then for all f,g € CB+(I), n € N and x € I we have

[ Ln(f)(@) = Ln(9) (@) < Ln(|f — g[) ().

2. CONSTRUCTION OF THE OPERATORS

Now, we define our truncated max-product type operators as follows:
Y k
V v () £ (3)

k=0

VI (f) (@) = =
V on i (2)
k=0

, z€0,1], neN, (2)

where
(na).

SR (nz)g =1, (nx)y =nz(nz+1)..(nx+k—1),k>1.

Un i () =

We can write the following properties of the operators V,SM) (f)-
i) One can see that \/ v, % (x) > 0 for z € [0, 1].

k=0
For any f € C, [0, 1], the space of all positive real-valued and continuous functions

n [0,1], VM (f) € C4[0,1] . So, v o, [0,1] — C4+]0,1] is a sequence of

positive operators and since \/ v, i (z) =1 for z =0, v, M) () (0) = £(0).
k=0
ii) For any f € C1[0,1] and A > 0,
VA A = AV (f). (3)

Hence, the max-product operators Vn(M) given by are positive homogenous.

iii) For Vng) the identity

VM) (eg) = eq, €0 (x) = 1 (4)

n

holds.
iv) /A (f) satisfy the pseudo-linearity condition, i.e., for any f,g € C4 [0,1] and
«, /8 € R'i‘

VM (af v Bg) (x) = aVM) (f) (x) v BV (g) () - ()
From the above equality, we have
F<g= V" () (@) VM (9) (@) (6)

So, Vn(,M) (f) is a monotone operator.
v) For any f,g € C4[0,1], we get

VI (f +9) () < VD () (@) + VY (g) (). (7)
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That is the sublinearity condition is satisfied by the operators A5 (f).
vi) From the above properties and Lemma 1 we have

VD (£) (@) = VD (9) ()] < VPO (1f = g (). (8)
Now, we can write the following corollary.

Corollary 2. For all f € C1[0,1],
VA () (@) = f @) < [1 + %VAM) () (sc)] wi (£,9), 9)

where @, (t) = |t —z|,t,x € [0,1] and the modulus of continuity function of f is
defined as

wi (f,9) = max {f @) = f)}-
lt—a| <o

Proof. For the proof, see for example [6]. O

3. AUXILIARY LEMMAS

In the current section we will give some auxiliary lemmas which we need for the
proof of the main theorem.

Lemma 3. Let x € [%, %] and j € {0,1,...,n — 2}. Then we have,

\/ Uni () = vp 5 ().

k=0

n
Also, \/ v (x) =1, forz € [0, %} .
k=0

Proof. In fact for fixed n € N and k > 0, the inequality

0 < vyt () Svpg ()
0 < ne+k<2(k+1)

is equivalent to
0<z< k+ 2.
n

So, taking £k =0,1,...,n — 2, we get

0

IN

Un1(2) Svpp(x) <= z € [O,

|

0 < vpo(@)<wvyi(z) & z€ [0, } ,
n

w I

k+2
0 < vppt1(x) <vpp(z) < z¢€ [O, k+e ] ,
n
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For k = n — 1 we also have
1
0<vpn(z) <vpp-1(z) <= z€|0,1+—].
n
From all these inequalities, we can write
2
x € {0, } = vpi () <vpo(z)=1forall k=0,1,..,n,
n
also

2 3
r € {, } = Ui (x) <vpa(x) forallk=0,1,...,n,

3 4
r € [,} = Up(x) <vpo(x) forallk=0,1,...,n,

in general, for fixed 7 =0,1,...,n — 2,
+1 7+2
z € {]—i_ 7‘77—’— } = Upi(2) <vpj(x) forallk=0,1,...,n.

n n

So, the proof is completed.

|
In order to proceed we need the following notations:
For each k € {0,1,....,n}, j € {0,1,...,n — 2}, state
Un i () Ef:c| Un i ()
M () = ——2—— My p,; (@) = ———. 10
k, ’J( ) U?L,j (1,) k, J( ) Un,j (.Z‘) ( )
It is clear that if k£ > j + 2 then
Un i (2) (£ — )
My =——2n_ -
b (0= T, S
and if k < j then
Un ke (2) (x — E)
My ="~ N’
b (0= @)
Lemma 4. For all k € {0,1,...,n}, j € {0,1,....n—2} and x € [%1,%2} , we
have
My < 1.
Proof. If k > j then, since h(z) = ﬁ is nonincreasing on x € [%1, %2] , we
have

My (2)  2(k+1) > 2 (k + 1) > 1 (11)
Mi41,n,5 (T) ne+k ~ k4+j+2
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S0, My j () > Mjg1n,;(T) > oo > My (T) is true.

If £ < j then,
M n,j (T) :nm—l—k—lzj—i—k;ZL (12)
Mk—1,n,j (ZL‘) 2k 2k
which implies, m;, j (€) > mj_1,; () > ... > Mo, (z) is true. Hence for all
ke{0,1,2,...,n},57€{0,1,2,...,n—2} , neNand z € [7 11 %] we can write
Mg n,j < mjmn,j (117) =1.
|

Lemma 5. Let z € [ Itl H'Q]

’on
i) If ke {j+2,. n—2} is such that ,k — 3k +2 > j then My, ;(x) >
Mii1m,; ().

i) If k € {1,2,...,5} is such that k + v/3k < j, then My, j () > My_1,; (z).
Proof. 1) Since g(z) = ﬁ ki}fﬁz is nonincreasing, we can write g (z) > g (ﬁ)
and hence get,

Mipj(z) _ 2(k+1) §-=
Miiin () — nz+k El_ g

2(k+1) k—j—2
k+j+2k—j—1

Then, the condition k — v/3k + 2 > j implies (k — j)* > 3k — j + 2. This implies
2(k+1)(k—7j—2)>(k+35+2)(k—j—1). So, we have

My n.; () > 1.
Mpt1,n,5 (2)
i) Since h(z) = (nz+k—1) — ;il is nondecreasing, we can write g (x) >
(i) and hence get,
My, ; () (ne+k—1) z— %
Mkfl’n’j (:C) 2k T — %

j+kj—k+1

2% j—k+2

Then, the condition k 4+ v3k < j implies (j — k)2 > 3k — j. Since this implies
(G+k)(G—k+1)>2k(j—k+2), we have

M n,j (%)
My_1,; ()

So, the proof is completed. O

> 1.
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4. DEGREE OF APPROXIMATION BY V™ (f)

Our aim is to estimate the degree of convergence of the sequence of max-product
operators VTSM) (f) given by with respect to modulus of continuity function and
then show that this estimate can not be improved.

Theorem 6. Let V,gM)(f), n € N be defined by (@ For all f € C]0,1], the
following inequality

meﬁ@w—fuﬂssm(ﬂv%),xepu

holds.

Proof. One can see from Corollary 2 that, in order to reach the desired inequality,
we have to estimate the term

\n/ Ui () % — :L'|
VD () (2) = B0 Lz €[0,1].
\/ Un,k (37)
k=0

From Lemma 3 we can write, for x € [0, %] ,
k
——z
n

Vi (02) (@) = \/ vne (2) = max {Myno(2)}
k=0

where My, , o () is defined by .

If £ = 0 then,
2 2
0,n,0 (.T) =T S — T S |:0a :|
n n
If £ > 1 then,
for z € [0, 1], since (1), = k! and k < 2,
(nx), k k 1
My < <<
ka0 (2) < 2kkl n — 2kp — n

forz e [L 2] and k =1,

(nx). [k (k+1)(k—-1) _ k?
Mino )< o \n 7%) =7 2k om0
If we take g(x) = 2 since 9(z) < g (%) <2, z € [0,00), we can write

2z
2
n

k2
Mk,n,o (f) < % <
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2
Consequently, for z € [0, 2]

‘n

VM () (@) = | _max (Mo (@)} <

S

Considering Lemma 3 once more, we can write

VI (p2) (2) = _max (M (@)}, 5 € {1, — 2}

k=0,1,...,
Now, we will try to obtain an upper estimate for My, ; (z) with « € [%1, %2} ,
j€{1,....,n — 2} .We consider the following 3 cases:
DIk =j+1; for x € [ZE, 2] My (2) = G (o - 32 < L.

i) Ik > 5+ 2
a) Firstly, we suppose that k — v/3k + 2 < j. From Lemma 4, since mg . ; () <1,
we write

2 2 kg1
Mn' = n,j - - <——2< ——
s @) = @) (Eoa) Bt T
_ (BEF2-1) _VBnF2 _ 3
- n - n ~Jn

b) Now, we suppose that k—+/3k + 2 > j. Since g () = z—+/3x + 2 is nondecreasing
on [1—12, oo) and since in this case k > j + 2, we take 3 < k < n. Since g is
nondecreasing, there exists k € {3, ...,n} of maximum value such that k—V3k+2<

jand k+1— 3k +5>j.

k+1 k+1
MEH’n’j(x) = mkﬂ’n,j(m)( p x)g — -
k+1 j+1 3k+2 3
< - < <= (13)
n n n vn

So, from Lemma 5, for k € {k+ 1,k +2,...,n}, WegethHnJ (x) = My, (x) =

.. > M, . ; (x) . Finally, by , we can write My, ,, j (x) < \F’ fork € {k +1L,k+2,.., n} )
iii) & < j;

a) Firstly, we suppose that k + v/3k > j. From Lemma 4 we get

k j+2 k
M () = mpn;(2) <x - > < —

V3k+2 \/ 3n 4+ 2 < i
n n T Jn
b) Now, we suppose that k& + v3k < j. Since h(z) = = + +/3x is increasing on
[0,00), there exists k& € {1,...,n} of minimum value such that & + V/3k > j and

<
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k—1++V3k—3<jand
k—1 k—1

M];*la”»]' (I) = ml%*l,n,j (‘T) (gj - 7’L> <z-— T

j+2 é—1<%+w®%+2_%—1
n n

_ vhﬁa _Vn+2 4 (14
n vn
We have j > 1 in this case. Also, since j++/3j > j and k € {0,1,...,n} of minimum
value such that I;:—l—\/»l;: > 7, k—1< j. So, from Lemma 5, for k € 11,2, ,I;: — 1} ,
we get My, . (¥) = My_,, . (x) = ... = Moy, (2) . Finally, by (14), we can write
Min (2) < \/,brke{LQWW%—lk
Considering all the estimates above, we can write
j+1j+ﬂ

n n

4
My (z )<\Fforallz€{

which implies
4
VM) (p,) (z) < 7 for all z € [0, 1]
Since the first modulus of continuity function satisfies the property wi (f,md) <
mwi (f,9), for m € N, with all cases and subcases and taking § = % in @), the

proof is completed.

Remark 7. The estimate regarding the first order modulus of continuity function
giwen in Theorem 6 cannot be improved for n > 4. Suppose that
‘ n ‘ J
In = |:*]a kn:]n+ [\/ﬁ]» xnzia
2 n
With calculations, we can write

kn
— — Iy
n

(nzp, + Jn) - (ney + ky — 1)
2kn=in (4, + 1) ...ky

Mkn i (xn) =

kn_jn

(nn + jn) Fn
Qkn—ijnffn=in | n "
- \kn—jn
_ o (2g) T ks
= o kT T e
an_]nk‘,n:" In n

(jn)knijn (kn - ]n)
kﬁn_jn n
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(mﬂﬁyMW?

From definition of the greatest integer function, we can write

n n n [va] n -1
(Fm) < (mhha) (i)

a1\ V7
One can obtain that lim "[;] = e~ 2 and there exists ng € N such that
n—oo \ 5| +[vn]

My, nj, (Tn) >

> 1 for n > 4. Therefore we can say

1
> =, > Ny.
=2e3ym

Now, we will show that better order of approximation can be obtained for some
subclasses of functions f.

For z = 0, since v, 5 (0) = 0 for all k € {1,....,n} and v, 0 (0) = 1, VM () (0) —
f£(0) = 0. So, we assume z > 0.

For any k € 0,1,..n and j € {0,1,...,n — 2} consider the functions

Fomg () = L0 g (’“) E—Y (’”") |

U () n n

Mkn MyJn (xn)

For any j € {0,1,...,n— 2} and x € [j;tl, %] we can write
() g k(@) (R N
v mM—Mwwﬂ(J—mem.

Lemma 8. For f:[0,1] — [0,00) and j € {0,1,....n — 2}, if

Vn(M) (f) (x) = max {fjn; (%), fix1,nj (@), firam; ()}, foralx € {jﬂ;l’ %
(15)

then
(M) _ 1 j+lj+2
V. (f) () f(x)’ < 2wy (f’n)’ for all x € { — }

Proof. We proceed in the same manner as Bede et.al. [6]. This time we have three
cases to examine:



Case (l Let Vn (f) (ZL') = fj,n,j (;L') = f(%) for ﬁxed T E [M’

n

V(D)) - 1@ < (1.2).

Case (ii) Let VM) (f) () = fj+1,n,; (z) for fixed x € [%, %} .
Subcase (a) If VM) (f) () < f(x) then
VOO () @) = f @] = F@) = Frin @)

< @)= fing (@) Swn (f ’ 2) |

Subcase (b) If v (f) (x) > f(z) then
VD (£) @) = f@)| = fiirng @) = f (@
= myans @ £ (T < 1@

(2 - s,

~

IN

n

SinceOSm—%g

3|~

V(D)@ - 1@ < (£7)
.

Case (iii) Let A5 (f) () = fizon; (z) for fixed x € [, LE2]
Subcase (a) If v, M) (f) () < f(z) then

VO (1) @) = f @] = £@) = Frramng @)

< @) = fing (2) Swn <f7 2) :

Subcase (b) If v, (f) (x) > f(z) then
VD () (@)= @) = fiszmg (@) - f (@)
= mprans @ f (752) - 1 @)

< f(M) — f ().

n

SinceOﬁ%fxg

3=

2]

935

. Since
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So the proof is completed. ([

Theorem 9. For f:[0,1] — [0,00) is a nondecreasing function and the function
g:(0,1] = [0,00) g (z) = @is nonincreasing, we have

VD () (z) — f (x)’ < 2wy <f, i) for all z € [0,1].

Proof. From the monotonocity of f and k < j ,
27 —k+1 41 E—1
Jimtmg (2) = k—Dltnz+k—1)...(nx+j— 1)f ( n )

27—k 41 2k k
k' (nz+k)...(nz+35 —1) (nx+k—1)f<n)

27—k 41 2k f<k)
K (nx+k)..(ne+j—1)j+k" \n
< i (@)

AN

So, we can write

i
\ foni @ = fins @),
k=1

V() @) =V S (@), (16)
k=j
Let k € {0,1,...,n} with k& > j. Since ¢ is nonincreasing and x € [%1, %] , wWe
have
o Jlmx+g) .. (nx+ k), (E+1
fk+1,n,j (33) - Qk+1—j (k‘ ¥ 1)| n
j!(nx+j)...(na:+k)k+1f k
- 2k+1-37 (k4 1)! k n
_ jtnx+g) . (ne+k—1) (nx—l—k)f k
- 2k=ik! 2k n
E+j+2
< frn (@) o
So, we get

Jrv1ng () < frng (x), for k> 5+ 2,

from which, we have,

\/ o (@) = Firomg (x), j€{0,1,.on — 2} (17)

k=j+2
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From and , we obtain for all o € [ZE1, 1£2] e,
VTEM) (f) (l‘> = nax {f],’n,] ($> 7fj+1,n7j (SC) 7fj+2,n,j (:L')} ) ,7 € {Oa 17 s T — 2} .
By Lemma 8, the proof is completed. O

Lemma 10. [7/ If f : [0,1] — [0, 00) is a concave function then g : (0,1] — [0, 00)
g(x)= @ is nonincreasing.

Proof. For the proof see [7] O

Corollary 11. For f : [0,1] — [0,00) is a nondecreasing concave function, we
have

1
vaM) (f) (z) = f(l")‘ < 2wy (f, n) , for all x € 10,1].
Proof. The proof is completed by Theorem 9 and Lemma 10. (]

The last theorem is about the piecewise convexity of the truncated Lupag oper-
ators of max-product type on the interval [0, 1].

.

Theorem 12. For any f : [0,1] — Ry Vn(M) (f) is conver on [i7

+2}
je{0,1,...,n—2}.

)

?

Pmof Forany j € {0,1,...,n—2}and z € [JH J+2} since we can write V™) (f)(z) =

J+1 j+2

\/ frn.j (), we will show for any fixed j, fin,; is convex on [Z2=, L

] . This imply

that VM) (f) is convex, as being the maximum of convex functions on [Z%, %} .
Since f >0 and fin ; (z) = (ne) “' f(£), we will prove that gy, ; (z) = (n

2k=i(nx); k!
are convex on [%, %} .
For k = j, g;n,; is constant so it is convex.
For k =j+1, gj+1,n,; () = nx + j is convex.

: " _ 2n?
and since g;_; , ; () = —"—% > 0 on

For k = j—1, gj—1.n,; (z) = (na+j—1)

1 iaor
[%,%} , it is convex.

Fork > j+2, gk, () = (nz+j)...(ne +k — 1) and In (gg n,; (x )) =In(nx+j)+
- +In(nx +k—1). Since g ,, ; (z) = ngi,n,; () [

1
nx+j—1

ne+j +o T+ anrk 1:| and

g;gl,n,j (J?) = ng;g,n,j (l’) |:nx+_] +.t nw+l<: l:| nQQk,nJ (Z‘) {W +..t m]a
we obtain

2
gl/c/,n,j () = 1k, (z) {(nzl+j +ot nmqtlkfl) - ((mijf ot (nw-‘r}c—lf)} >
0.
For k <j—2, gpm,j(x)

_ 1 :
= (erk) T 1) and since

g;ﬂ,’ﬂ,j (J?) = —NGk,n.j (.13) nz.i,_k; + .+ nI-i-] 1], We get
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2
1 1 1 1
glg,n,j (ZL’) = nzgk,n,j (CC) {(nz+k + ...+ nz+j—1) + ((nz—l—k)z + ...+ (nx+j—1)2>} >
0.

Hence, we see that all the functions g, ; are convex on [%, %] As being
maximum of all these functions, AS (f) is convex on [%, %] . O

5. CONCLUSION

The nonlinear max product type operators have been studied by various au-
thors for the last two decades. For example, in [16] Duman obtained convergence
results for a sequence of max-product operators in the statistical sense. Karakug
and Demirci [22] examined the o-statistical convergence of the max product type
operators. For the future studies, one can examine whether the truncated Lupag
operators of max product kind can be generalized in the light of these studies or
not. Also the statistical convergence of the constructed operators may be investi-
gated.

Another study related to this topic is due to Holhog. He examined the approxima-
tion properties of Meyer-Koénig and Zeller and Favard-Szdsz-Mirakyan operators of
max-product type in weighted space of functions in the papers [20] and [21], re-
spectively. Taking these studies into account, Lupag operators of max-product type
may be constructed on an unbounded interval [0, 00) and weighted approximation
results of the operators can be examined.

Very recently, Coroianu and Gal |10] have studied the Kantorovich type max-
product operators. In view of this paper one can consider the Lupag-Kantorovich
operators of max-product type and analyze the approximating properties.
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