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Abstract. In the present paper, we define a new Szdsz-Mirakjan type operator in exponential
weighted spaces for functions of two variables having exponential growth at infinity using a
method given by Jakimovski-Leviatan. This operator is a generalization of two variables of an
operator defined by A. Ciupa [1]. In this study, we investigate approximation properties and also
estimate the rate of convergence for this new operator.
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1. INTRODUCTION

For a real function of real variable f : [0,00) — R, the Szdsz-Mirakjan operators
are defined in [2] as

Su(f:x) = "”Z("x)j sy xeln.oo,

where the convergence of S, (f;x) to f(x) under the exponential growth condition
on f thatis | f(x)| < CeB*, for all x € [0,00), with C, B > 0 was proved. Then,
various modifications and further properties of the Szdsz-Mirakjan operators have
been studied intensively by many authors (e.g. [1,3-9]).

In [4], A. Jakimovski and D. Leviatan investigated approximation properties of a
generalization of the Sz4dsz-Mirakjan operators which are stated as follows:

(o,]
Let g(z) = ) a,z" be an analytic function in the disk |z| < R, R > 1 and sup-

n=0
pose g(1) # 0. Define the Appell polynomials pg(x) = pr(x,g) (k > 0) by
o0
gue™ =Y pr(xyuk.
k=0
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For each function f defined in [0,00), they considered the operators L, defined
by

La(f1x) = _(I)Zpk( )f() >0

and also the authors obtained several approximation properties of these operators. A.
Ciupa [ 1] introduced a Szasz-Mirakjan type operator that is a generalization of the
operator defined by M. Lesniewicz and L. Rempulska [5] using the method given by
Jakimovski-Leviatan. A. Ciupa studied the properties of approximation for functions
of one variable in the space of continuous functions having an exponential growth at
infinity.

In this paper, inspired by [ 1], for each function f defined in [0, 00) X [0,00), we
define the operators L, by

—nx ,—my © o0
Lo (fixy) =l ZZpkmx)p,(my)f(— 2)

0 S5
where
o0 o0 )
gun) e g up)e" = > pr()uk Y pj (y)uj.
k=0 j=0
0oy 2k+1
Now, we consider the function g (x) = )  ———— = sinhx where sinhx is the
K=o 2k +1)!

hyperbolic function of x and let p; be the polynomials generated by relation

sinhu sinh (#1x) sinhus sinh (4, y) = Z Z Dak (X) p2j (y)u1 uzj.
k=0,=0

Using the following equalities

1% 1+0*—1-0*

sinhuj sinh (u1x) = (2k)! uj
_ 2 .
sinhus sinh (uzy) = Z (+ y) o )('1 Y) ugj,
we have
(1+x)** —1-x* (14 =1 =y)¥
Pak (x) = 220! . P2 ()= 22!

Let C (R%) be the set of all real-valued continuous functions of two variables on
RZ:={(x,y):x>1,y>1}.
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For p,q > 0 and (x,y) € R? , we define

Wpq (X,y) =wp (X)wg (y) =e P e
Cp.q =1{f € C(R}):wpgqf is uniformly continuous and bounded on R}

[/ llpg = sup wp(x)wg(y)|f (x,y)l
(x,»)ER?

and also for i,k > 0,8 >0, f € Cp 4, the first order modulus of continuity given by

o (f.Cp.q:8) = s | Anif 1,

where
Appf (. y)=fx+hy+k)—f(x,y).

In this study, in the space Cp 4, p,q > 0, we introduce the following positive linear
operators

2k 2j
n'm

(1
n.meN, (x,y) e R% and investigate the theorems on convergence of Py, (f;x,y)
operators to functions of two variables. We also estimate the rate of convergence for
this new operator by using the modulus of continuity.

1 (o ol o]
Pum (f1x.y)= D) pai (nx) pa; (my)f(

(sinh 1)? sinh (n.x) sinh (my) k—0j=0

2. AUXILIARY RESULTS

In this section, we will give some useful results in order to study the convergence
of the sequence (P, /') to the function f € Cp 4.

Lemma 1. If (x,y) € R% andn,m € N, we have
Pnom (6’0,0§X,y 1

1
Pym (el,o;x,y) = —coth1+ x coth (nx)
n
1
Pu,m (€0,1:x.y) = —coth 1+ y coth (my)
m
1 1
Pyom(e?g+e2 :x.y)=(x*>+y?)+|—=+— | (1 +cothl
nm (€10 +eg,15x.y) = (x*+y7%) + 2t 7 )(I+cothl)
4+ (1+2cothl) (i coth(nx) + lcoth (my))
n m

where e; j (t1,12) = t{ t{ ;1,j €{0,1} and cothu is the hyperbolic function of u.
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Lemma 2. If (x,y) € R?, p,q > 0andn,m € N, then we have

P Pty ( p/n) ~ h( p/n)
nm (e o y) s1nh151nh(nx) ¢ stre

Pu.m (eqtz;x,y) sinh (eq/m) sinh (myeq/m)

sinh 1 sinh (my)

p/n
pt1. _¢ { ( p/ﬂ) : p/n>
Pum (117" x,y) o Sinh Tsinh (1) cosh (e sinh (nxe

+ nxsinh (ep/”) cosh (nxep/")}

q/m 1
¢ _ - {cosh (eq/m) sinh (myeq/m)
m sinh1sinh (my)

+ my sinh (eq/m) cosh (myeq/m)>

Py.m ([2€qt2§3C,y) =

Py om (leept1 ;x,y) = 5— sinh (ep/") sinh (nxep/")

sinh 1 sinh (n.x)

1 e2p/n
n

2
+—xezl’/”cosh(ep/")cosh(nxep/”)+x e2p/n s1nh( p/”) sinh(nxep/”)
n

+ izep/" cosh (ep/”) sinh(nxe?/™) + %e”/” sinh (ep/") cosh (nxe”")}

n
1 {ezq/m

Pum (5e72;x,y) = b Tsinh ony) )| 2 sinh (eq/m) sinh (myeq/m)
+ %ezq/m cosh (eq/m) cosh (myeq/m> + y2e24/™ sinh (eQ/m) sinh (myeQ/m)
+ #eq/m cosh (eq/m) sinh(mye?/™) + n%eq/m sinh (eq/m) cosh (myeq/m)} )
Lemma 3. For all (x,y) € R? and n,m € N, we have

Pum ((t1 —x)?eP:x,y)

1 2
=—— )x%sinh (ep/ ") sinh (nxep/”> [ep/n _ 1]
sinh 1 sinhnx
2p/n p/n
+ sinh (nxep/") |:e_2 sinh (ep/”) + & 5~ cosh (ep/”)
n n

2 2
— —xep/" cosh (ep/”)} + cosh (nxep/”) |:—xezl’/” cosh (ep/")
n n
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+ ie"’/" sinh (ep/”)] —2x2eP/"ginh (ep/”) e_"xep/n}
n

Pum ((tz —y)?ed’2;x, y)

1 2
= Sinhlsinhmv {yz sinh (eq/m) sinh (m)/eq/m) [eq/m — 1]
sinh 1 sinhmy

2q/m q/m
+ sinh (myeQ/m) |:e 5—sinh (eq/m) + 6 5~ cosh (eq/m)
m m

2 2

_ 2 paim cosh (e‘”m)] + cosh (myeq/m) |:_yeZq/m cosh (eq/m)
m m

+ 2 e0/m ginh (eq/m)] — 2y2eq/m sinh (eq/’") e—myeq/m} )
m

Lemma 4. Forall (x,y) € R% andn,m € N, we have

3(x+1
Pn,m ((tl _x)2§an) =< (T)

3(y+1
Pum ((tz—y)z;x,y) < %

Proof. By Lemma 1, we get

1
Py ((t1 —)c)2 ;x,y) = (coth(nx)—1)2x (—cothl —x) + Ecothnx
n n

1
+— (1+coth1).
n

Thus for (x, y) € R?, we can write

x—1 2x 3 3(x+1
Pn.m ((tl—x)zﬂﬁy) =< +—+5=< ¥
n n o n n

Similarly, we can easily obtain

3(y+1
Pnom ((12_)7)2§an> =< (J}T)

O

Lemma 5. Let p,g >0, r > p,s >q and let no = no(p,r),mo =mo(q,s) be
fixed natural numbers such that ng > p/ (Inr —In p) and mg > q/ (Ins —Ing). Then
there exist positive constants Cp » and Cq 5 depending only on p,r and q,s such that

sinh (e””) x+2
sinh 1 n

wr (X) Pnm ((tl _x)Zeptl QX,Y) <Cpr
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sinh (e‘J/’") Y42
sinh 1 m

ws (¥) Pn,m ((t2 _y)zeqt2§X,Y) < Cys

forall (x,y) € R% andn > ng,m > my.

Proof. Firstly, for m,n € N, we consider the sequence of real numbers (p,) and
(gm) ,

Pn =n<e”/"+1) @.1)
gm =m (eq”" + 1) 2.2)
which are decreasing and nILH;O Pn =D, mlgnoo qm = q. Thus
P < pn < pe?!" < pe? 2.3)
q < qm < qe?™ < ge? (2.4)

Since ng > p/ (Inr —1In p), we have e?/m0 < ("/P) — 1/ p and r > peP/"0 > Dno >
pn for n > ng. Also, because mg > ¢/ (Ins —Ing), we get e2/™0 < /9 = g/4
and s > ge?/™o0 > Gmo > qm for m > my.

Applying 2.1, we obtain

sinh (nxep/") (sinhnx)™! < 2ePn*

cosh (nxep/”) (sinhnx)™1 < ePn* (2.5)
x2 (sinhnx)~! < f

n
Also using 2.2, we get

sinh (myeq/m) (sinhmy)~1 < 2¢9mY

cosh (myeq/m) (sinhmy)™1 < em¥ (2.6)
y2 (sinhmy)~! < %

By writing the last inequalities in Lemma 2, we get respectively
sinh (ep / ”)
sinh 1
sinh (eq / m)
sinh 1

Pum (eP™ix,y) < 2ePn*

Ppom (eqtz;x’y) < 2pdm¥
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and

sinh (ep / ”)
sinh 1

sinh (eq/ ’")
sinh 1

HPn,m (ePtl;x,y) Hr <sup 2e(1’"—’)x

” Prm (eqtz;X,y) Hs <sup 2e@m=s)y

Taking into account Lemma 3 and 2.5, we obtain
Pn.m ((t1 —x)?eP" ;x,y)

<
~ sinhl

2
2 n
;2x2ep”xp—;’ sinh (ep/n) + =X inh (ep/n) o n—nxe?
n n

2 2
+ —zep”xezl’/” sinh (ep/") + —zep”xep/” cosh (ep/”)
n n

_ X onx pin o (ep/n> 42X pnx 20/m o (ep/n)
n n

1 X epnxep/nginh (ep/n>}
n

sinh(el’/”) 2
S 2x2p—"el’"x+Z_Xel’/n+£epnx62p/n
sinh 1 n2 n n2

+ %e””xel’/" coth (e”/") + 2—xep”xezp/” coth (ep/”)
n n

X
+_epnxel7/”}
n

Since coth (e”/”) <cothl <2 and eP/n < e?, we can write

sinh(ep/”) 2 2 2 2
N A 2 pex 2 b 2 pax,2p
sinh 1 { nz Pn° + n e tpee

Pn,m ((l‘l_x)zeptl;x’y)S n

4 4x X
+—ePr¥el 4 —ePn¥e?P 4 ZePr¥elt
n n n

Say wy (x) = e™"*. Thus, we get

sinh (ep/”) 2x x P
wr (X) Pp,m ((11 —x)ZePh ;x,y) S —wnl { 7e(p”_’)x (;p,zl + +2e21’)

2 2
+7xep—rx + n_ze(pn—r)x (eZP + 2e1’)% )
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Now, by using 2.1 and inequalities
ip,zl < fpzezp/” <xp?e??,
n n
it follows
wr () Pam (61 —x)2e?M5x,y)

sinh (ep/") ) D
<— 7 X o (pu—r)x xp2e?? + e +2e2P
sinh 1 n 2

2 2
+ e 4 = ePnmnx (2P +2e1’)§ :
n n
Also, we have r — p, > r — py, > 0 and xe~r=pPn)x < xe—(r=png)x <1/(r = pny)
for n > ng. Applying e»~")* < 1, we obtain

Wr (X) Pp.m ((tl —x)2ePh ;x,y)

sinh (ep/”) p
< . 2 1 xp?e?P +2e%P + <
sinh1 nr— pn 2

2x 2
—|—7e1’ + 3 (e*? —|—2e1’)}

<

sinh(ep/”) 2
2 ()

sinh 1 7r—pn0 nr— pno

2x 2
ZheP 4 = (2P 40P
+ " ev + 2 (e +2e )}
e sinh(ep/”) x+2
— 7" inhl n

Similarly as above, applying 2.6 to Lemma 3, by simple calculations we easily
obtain the required inequality

; /
sinh (eq m) y+2

w5 () Paan (2= )7 9%, y) < Cqomin

O
Lemma 6. If p,g >0,r > p,s>qandng =no(p,r),mo =mo(q,s) be fixed

natural numbers such that no > p/(nr—Inp), mg > q/(Ins—1Ing) and if f €
Cp,q. then we have

sinh(e?) sinh(e?)
[ Prm (f:.9)s <201 F Ml q

(sinh 1)?
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Proof. By (1), we can write
e e [Py (f3x,))]

e XSy ii ( ) ( ) _2kp _2jq
= nx)prj(my)e” n e m
(sinh 1)? sinh (nx) sinh (my) k=0j=0p2k P2y
-f (%,Q)ezﬁpezgl .
n o m
Since || f{|l, 4 = sup e PYe | f (x,y)l, it follows that
(x,»)€R}
e e [Py (f3x,))]
e XSy oo 0 2kp 2jq
= nx) paj(my)e n em
(sinhl)zsinh (nx)sinh (my) ”f”p’q ;;)p%( ) p2j (my)

=e eV fll g Prn.m (eptl;X,)’) Pp.m (eqtz;x’y)

sinh (ep/”) sinh (nxep/”) sinh (eq/m) sinh (myeq/m)
=e YeV ”f”p q

sinh 1 sinh (n.x) sinh 1 sinh (my)
Using the notations in Lemma 5, the inequalities (2.5) and (2.6), we obtain
sinh (el’/”) sinh (eq/m)
—rX, =Sy | p XL y)| < —rx ,—sy PnX 2edm¥
eI P (F1X, 0 =1l g e e ™ —— 2
( ) )sinh (ep/”)sinh (6‘1/’")
=4 e_x r—Pn e_y S—dm
1774 (sinh 1)?
sinh (e?) sinh (e?)
<41 flpq —
(sinh 1)
O

3. APPROXIMATION BY P, ;, OPERATORS

In this section, we give theorems on the degree of approximation of functions of
two variables by these operators.

Theorem 1. Let p,g >0, r > p, s >q and no = no(p,r), mo =mo(q,s) be
fixed natural numbers such thatng > p/ (Inr —In p) and mg > g/ (Ins —Inq). If f €
Cpl,q, where Cpl,q = {f €Cpq:fx. [y € Cp,q}, then there exists a positive constant
My, 4.r.s depending only on p,q,r,s such that
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Wr,s (X,Y) [Pum (f1x,y)— f (x,9)]

ad x+
w2,
p.q y

ax
Proof. Let (x,y) be a fixed point in Rf. For f € Cp,q and (t1,12) € R% we have

y+2

m

p.q

1 %]
a 0
ft,t)— f(x,y)= /—f(u,tz)du—l-/—f(x,v)dv.
ou v
x y
Using Py m (1;x,y) = 1, it results that

Pnom (f (t1,12):x,y)— f (x.y)

5] 15
a a
=Pum (/ %(u,tz)du;x,y) + Pum (/%(x,v)dv;x,y) .
y

X

Forr > p,s > q and m,n € N, we have

wrs(x y)lpnm(f(tl 12);X, y)_f(xsy)l

< wps (x, y)an(/_(u ) du|;x, Y)

;X,Y)-

+ Wr,s (x,y) Pn,m (

of
/% (x,v)dv
y

By using the following inequalities

5]

1
[
Wp,q (U, 12)

X

(e
0xX || 5 g Wq (12) \wp (1)~ wp (x)

%)

1
/ LR
Wp,q (x,V)
y

‘% : ( L] )|r2—y|
Y |l p,qg Wp (x) \wq (12)  wgq ()

<‘%

dax

/— (u,t2)du

p.q

A

A

- (x v)dv
9y lp.q

A
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and Holder inequality, we can write
11 af
Wr,s (X, ) Pnm /% (u,)du|;x,y
X

<

af 1 |11 — x|
Wy, (X, )Pn,m (—;xv ){Pn,m (—;X, )
p.q Y wq (12) g wp (1) Y

0x
Pn,m (ltl _x|;x’y)}

L

Wp (x)
|5
~ || dx

{ [P (1 =023, ) ] [0 0 Paom (e701.)] 2
p.q

1/2
4 o—r)x [P,,,m ((r1 —x)z;x,y)] } ws(¥) Pam (€92:x,y)

15}
d
Wrs (X,Y) Pum /%(x,v)dv 1X,Y
y

o wrx) - 2=yl )
=< H 3y » wp (%) Pym (Lx»Y)ws(y){Pn,m (wq (tz)’x’y
+LPn,m(|zz—y|;x,y)}

wg (¥)

of 2 ,qt2. 1/2

=li ] AP (@)

[ws (%) Prm (eqtz;x’y)]l/z + [P"’m ((ZZ =)’ ;x’y)]l/z} '

Applying the inequalities 2.5 and 2.6 to Lemma 2, we obtain

sinh (el’/”)
wr(x)Pn,m (eptl;X,)/) =< e_”‘wzel’"x
sinh (ep/”)
N =x(r=pn)
sinh 1
sinh (ep/”)
sinh 1
and
sinh (eq/m)
Ws(¥) Pn,m (eqt2§X,)’) <e 2e9mY

sinh 1



356 NURSEL CETIN, SEVILAY KIRCI SERENBAY, AND CIGDEM ATAKUT

sinh (eq / m)
~ sinhl
sinh (e‘J/ m)
~ sinhl

By these inequalities, Lemma 5 and Lemma 4, we get to

e Y (5—am)

<2

151
d
wr,s(x»Y)Pn,m /%(u,lz)du X,y
X

sinh (ep/”) sinh (eq/m)
P (sinh 1)?
sinh (e‘I/m)

P sinh 1 n

[x+2
Mp,r 9
p.q n

of
dx

<5 x+2

2Cp’r

of
dx
of
0x

e_x(r_p) 3(x+ 1)

+2

<

and

5]
0
Wr,s (x9y)Pn,m /%(x,v)dv X,
y

; q/m
smh(e ) o y+2+H%
i q,S
pgq sinhl V m dy v

y+2

q,S

o
dy

af
dy

3(y+1)

m

<

<

D.q
for all m > mg and n > ng. This proves the theorem. ]
Theorem 2. Suppose that f € Cp 4 and p,r,q,s,n9,mq satisfy the conditions of

Theorem 1. Then there exists positive constant M* = M, 4 s depending only on
p.q.1,s such that

2 1/2 ) 1/2
wr,s(x’y)|Pn,m(f;X,y)—f(X,y)|SM*w<f,Cp,q;(x: ) (%) )

forall (x,y) € R% and m > mgy, n > ny.
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Proof. Similarly as in [5], we consider the Steklov means for f € Cp 4
h &

1
fhgg(x,y)=%f/f(x—i-u,y—i—v)dudv, h,8>0,(x,y)eR%.
00
We have

h §
1
fins (euy) = f (xoy) = h—S//Au,vf(x,y)dudv,
0

0
Vi (¢ 3y = hS/(f(x+hy+v) f Gy + o)y,

%(x,yh%/(f(xﬂw+8)—f(x4ru,y))du,
0

which implies f}, 5 € C1 (h,8 > 0) and
”fhf?_prq— prq» »5)’

5
fn,s 1
2] < s s [k f Gl 4140 Gl do
D.q (xy)eR% 0
2
Z (prq, ,8)
and 3
2
1) <2 (rGpgind)
for h,§ > 0.

For every fixed (x,y) € R?,r > p,s >gandn,m € N, h,§ > 0 we have
Wr,s (X, Y) [ Prm (f X, 5) = f (x,9)]
< Wrs (X 0) {| Pan (f = fr6:%.)]
Pon (fn,5:%.3) = fns 0. 0)| + | fus (. 9) = f (x. 9]}
By Lemma 5, one obtains
Wr,s (X, ) [ Pam (f = fr6:%.9)| < 4w (f.Cpq:h.8)

for all m > mg and n > ng. Since Theorem 1, we can write

Wr,s(x,y) ‘Pn,m (fh,8§x’Y)_fh,8 (x,y)!
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1 /[x+2 1 [y+2
< Mpg,rsw (f.Cpq:h.5) E\/ . +§\/ -

for m > mg, n > ng. Therefore

Wr,s (X, Y) | Prm (f1%,y) = f (x,9)]

1 /[x+2 1 +2
< 4w (f,Cp,g:h,8) + Mpg,rsw (f,Cp,q:h.5) E\/ " +g\/ym

+wrs(x, ) | fas (6. ) = f (x|
1 /x+2 1 [y+2
<w(fiCpg:h.8) 5+ Mpgrs ; / 4 / _

for all 7,8 > 0 and m > mg, n > ng. Setting h = ,/xniz, 5= ,/yTH we obtain the
desired result. O

Corollary 1. If f € Cp 4, then for all (x,y) € R?

lim  Pom (f:x,9) = f(x.y).

m,n—

Also, the convergence is uniform on every rectangle 1 <x <a, 1 <y <b.
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