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Abstract. In this paper we introduce the classes 7, (p,A, A, B) and X (p, A, u,m,A, B) and derive
distortion inequalities of the functions belonging to class % (p, A, u,m,A,B). Further we apply
to the (n,8) — neighborhoods of functios in the class % (p, A, u,m,A, B).
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1. INTRODUCTION AND DEFINITIONS

Let Z,(p) denote the class of functions f (z) normalized by

f@)=— Y ad (@>0;npeN:={1,23,}) (1.1)
k=n+p

which are analytic and p-valent in the open unit disk U= {z€ C: |z| < 1} on the
complex plane C.

Let f and F be analytic functions in the unit disk U. A function f is said to be
subordinate to F, written as f < F or f (z) < F (z), if there exists a Schwarz function
®: U — U with ®(0) = 0 such that f (z) = F (©(z) ). In particular, if F is univalent
in U, we have the following equivalence:

f(@) <F(2) <= [f(0) = F(0)Af(U) C F(U)].

Following the earlier investigations by Goodman [1 1] and Ruscheweyh [15] (see
also [1-3,5,6,9,13]), we define the (n,8) —neighborhoods of functions f € Z,(p) by

Nos (f38) = {gE To(p):8(x)=2"— Y b and Y klag—bi| < 8}.
k=n+p k=n+p
(1.2)
Let $* and C be the usual subclasses of functions which members are univalent,
starlike and convex in U, respectively.
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A function f € 7,(p) is called p-valently starlike of order v if it satisfies the con-

ditions
zf (2)
<Jt<f(z) >>y (1.3)
and
/OMSR (ié?) de =2pm (1.4)

for 0 <y< p, p€ Nand z € U We denote by S, (p,7) the class of all p-valently
starlike functions of order y. Furthermore, a function f € Z,(p) is called p-valently
convex of order v if it satisfies the conditions

f (2)
R (1+ e ) > (1.5)
and
n zf (2) _
/0 9{(1+ e >d62pn (1.6)

for 0 <y< p, p€ Nand z € U. We denote by G, (p,Y) the class of all p-valently
convex functions of order .
Clearly, $* := S/ (1,0) and C := (1 (1,0) . We note that
f@)
rearn st es vy (1.7
The classes S, (p,y) and G, (p,Y) were introduced by Patil and Thakare [14].
Therefore, various subclasses of p-valent functions in U was studied by Altintas et
al. in [8], Nunokawa et al. in [12] and Srivastava et al. in [16, 1 7].
A function f € 7, (p) is called Janowski p-valently starlike if it satisfies the condi-
tion ,
1+A
zf (2) <p +Az
f&) it
for -1 <A<B<1, peNandzecU Wedenote by S, (p,A,B) the class of all
Janowski p-valently starlike functions.

Also, a function f € Z,(p) is called Janowski p-valently convex if it satisfies the
condition

(1.8)

zf (2) 1+Az
b f(z) “P1yB:
for -1 <A<B<1,peNandzeU. Wedenote by G, (p,A,B) the class of all
Janowski p-valently convex functions.

We note that, S, (p,y) := S, (p,1-2y,—1), 5" := 8/ (1,1,—1) and G, (p,7) :=
G(p1=2y,—1),C:=C(1,1,-1).

(1.9
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Let 7, (p, A, A, B) denote the subclass of Z,(p) consisting of functions f (z) which
satisfy the following inequality:
of (2) +A2S (2) 14+Az
M @+(1-0f@  P1+Be
where 0 <A <1, -1<A<B<1,peN,zeU. The class Z,(p,\,A,B) was
introduced and studied by Altintas in [3,7].
Clearly, we have the following relationships:
'5:; (paAaB) = {Z;l (vaaAvB) and Cn (paA)B) = {Z;l (pv laA)B) .

We note that these classes are studied in [10].
Recently, we have defined and studied in [I, 2, 4-06] the following second order
differential equation:
2

d“w dw
S 2t e tulat Dw=(p+u) (prpat g (LD

where w = f(z) € Z,(p) , g = g (z) satisfy the following inequality:
28 (1) +A% (2)

Azg' (z2)+(1-21)g(z)

where 0 <A<1,0<a<l,peN,u>—-p,zcU.

(1.10)

> (1.12)

Definition 1. The following non-homogenous Cauchy-Euler differential equation
of order 3 is

d>w d*w dw

3 2

— 43 27— +3 1 2)z— 1 2

T3 +3(u+2)z 12 +3(u+1) (u+ )zdZ +u(u+1)(u+2)w
=(p+u)(p+u+l)(p+u+2)g (1.13)

where w = f(z) € Zu(p) . § =8 (2) € T, (p,A,A,B) and > —p.
This differential equation is defined and studied in [3].

Definition 2. The following non-homogenous Cauchy-Euler differential equation
of order m is

dmw m d’”_lw m m—1 dw
m 1 m—1 ( N T
Z dzm+(1>(y+m )z dzm*1+ + r)]Hr(,qu])z dz’+
m m—1 m—1
+(m) H(,u+j)w: H(p+u+j)g (1.14)
=0 =0

WhereW:f(Z) Eq;(p) ,g:g(Z) GQ;l(pﬂlaAaB)’mEN* = {2737'”}and:u> —PD-

Finally % (p,A,u,m,A,B) denote the subclass of the class Z,(p) consisting of
functions f (z), satisfying the equation (1.14) in Definition 2.

In this paper, we obtain coefficient bounds, distortion inequalities and (n,8) —
neighborhoods of functions f € Z,(p) in the class X, (p,A,u,m,A,B).
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2. COEFFICIENT BOUNDS AND DISTORTION INEQUALITIES

For proving the main results in this paper, we will use the following lemmas.

Lemma 1 ([3]). Let the function ‘T,(p) be defined by (1.1). Then f(z) is in the
class I, (p,\,A, B) if and only if
Y, (k—p—pA+kB)(Mc—A+1)ay <pB—A)(Ap—r+1) (2.1
k=n-+p
where 0<A<1,-1<A<B<I1,peN.
The result is sharp for the function f(z) given by
p(B—A) (p— A+ 1) ,
e . (22)
T = Gy T+ B = p (L + A+ p) A+ 1
Lemma 2 ([3]). Let the function f(z) € I,(p) defined by (1.1) be in the class
T, (p,\,A,B). Then, we have

- p(B—A)(p— At 1)

& S (1B p(tANRmr ) ArT]
and

- p(B—A)(p— At 1)(n+ p)

L ks o 4B —p( 4 A p) —ax1] Y

k=n+p

The distortion inequalities for functions in the class K, (p,\,u,m,A,B) are given by
Theorem I below.

Theorem 1. If a function f € T,(p) is in the class K, (p,A,u,m,A,B), then
If (@) < lzl”+
p(B—A)Ap—A+ DT (p+u+))

. — [z (2.5)
(m—1)[(n+p)(1+B)—p(1+A)]A(n+p) - A+ 1T}y (n+p+u+j)
and
1f (D) > 2" -
_ _ m—1 .
p(B—=A)(Ap—A+1)IT}Zy (p+u+) L. 26

(m=1)[(n+p)(1+B) = p(1+A)] A (n+p) = A+ 1IT}5 (n+p+u+j)

Proof. We first suppose that a function f € 7Z,(p) is in the class
%K (p, A, p;m, A, B) . Let the function g(z) = 2" — Y3, , b7 € T, (p,\, A, B) occur-
ring in the non-homogenous Cauchy-Euler differential equation of order m in (1.14)
with, of course,

by >0 (k=n+pn+p+1,...).
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Then, we readily find from (1.14) that
7 (p+u+J)
— ~ Zk
H’Jﬂ:ol (k+/1+1)

ay = (k=n+pn+p+1,...). 2.7

so that

oo -1 7
fl@)=z"=Y, iz (P pt)) a
k=n+p H’;:ol (k+p+j)

Since g € 7, (p, A, A,B) , the first assertion (2.3) of Lemma 2 yields the following
inequality:

(2.8)

p(B—A)(Ap—A+1)

by < . 2.9
S 0 +B) (ARGt p)— At T 2
Together with (2.8) and (2.9) yields that
1f (@) < 2"+
o7 p(B—A)(Ap—A+1) i 7 (p+u+J)
[(n+p)(1+B) = p(1+A) A (n+p) = A+1] S, T (k+u+))
(2.10)
and using the following identity that
i 1
k=n+p HT;ol (k+u+j)
m—1 m—1 m—1
e [0 () ()
= — — 71 m—1 N S
@p4)53;p [yl sy S St A srapr—
! ! (2.11)

S om= 1 (n+ ptut )

where y € R\ {—n—p,—n—p—1,...}. The assertion (2.5) of Theorem 1 follows
at once from (2.10) with (2.11). The assertion (2.6) of Theorem 1 can be proven by

similarly. U
Corollary 1 ([2]). If f € K, (p,A,u,2,A,B), then we have
» p(B—A)(Ap—A+1)(p+u)(p+u+l) ntp
SO = — A G 0+ B) — p T+ A tnt ) At 1 pes)
and

[(n+p) (1+B) = p(1+A)|[A(n+p) = A+1](n+p+p)



66 OSMAN ALTINTAS AND OZNUR OZKAN KILIC

Corollary 2. If f € K, (p,A,u,3,A,B), then we have

If @) < 2"+
pB-A)Ap—A+1)(p+p) (p+u+1)(p+u+2) o
2[(n+p)(14+B)—p(1+A)|[A(n+p)—A+1](n+p+u) (n+p+u+1)
and
If (@) > 21" —

pPB=A)Ap=r+1)(p+p) (p+u+1)(p+u+2) o+
2[(n+p)(1+B)—p(1+A)]A(n+p)—A+1](n+p+u) (n+p+u+1) '

3. NEIGHBORHOODS FOR THE CLASS X, (p,A,u,m,A,B)

In this section, we determine inclusion relations for the class X, (p,A,u,m,A,B)
concerning the (n,8) —neighborhoods defined by (1.2).

Theorem 2. If f € T,(p) is in the class K, (p,A,u,m,A,B), then

K (P, M pt,m, A, B) C Ny (8 f) 3.1
where g (z) is given by (1.14) and
s p(BAp- At (ntp)

[(n+p)(1+B)—p(1+A)|[A(n+p)—A+1]
M (p+u+j)
(m=DIT= (n+p+u+j)|

Proof. Suppose that X, (p,A,u,m,A,B). Then, upon substituting from (2.7) into
the following coefficient inequality:

3.2)

Z k]bk—ak| < Z kbk+ Z kak (ak > 0, bk > 0) (3.3)
k=n+p k=n+p k=n+p

we obtain that

> (p+u+7j)
Y kb-al< Y kbt Y J °
k=n-+p k=n+p k= n+p (k+”+J)

Since g € 7, (p,\,A,B), the second assertion (2.4) of Lemma 2 yields that
p(B—A)(Ap—A+1)(n+p)
[(n+p)(1+B)—p(1+A)]|[A(n+p)—A+1]

kby. 34

kb <

(k=n+p,n+p+1,..).

(3.5)
In the right hand side of (3.4), we obtain the assertion (3.2) using (3.5) and (2.11),
respectively.
Thus, by Definition 2 with g (z) interchanged by f (z), we conclude that

fEN,5(8f).
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This completes the proof of Theorem 2. g
Corollary 3 ([3]). If f € K, (p,A,u,2,A,B), then
K (P A,11,2,A,B) C Ny 5 (83 f)
where g (z) is given by (1.14) for m = 2 and 3 is given by
_ p(B—A)(Ap—A+1)(n+p) Lo ) (prptl)
[(n+p)(1+B)—p(14+A)|[A(n+p) —A+1] n+p-+u
Corollary 4. If f € K, (p,A,u,3,A,B), then
K (P h,11,3,A,B) C Ny 5 (83 f)
where g (z) is given by (1.14) for m =3 and § is given by
p(B—A)(Ap—A+1)(n+p)
[(n+p)(14+B) = p(1+A)|[A(n+p) —A+1]

(p+u)(p+pu+1)(p+u+2)
2(n+p+p)(n+p+ut+l)
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