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Abstract We write explicitly the Euler identity and the
Gibbs–Duhem relation for thermodynamic potentials that
are not homogeneous first-order functions of their natural
extensive variables. We apply the rules to the theory of
geometrothermodynamics and show how the use of the nat-
ural extensive variables, instead of the modified ones, leads
to misleading results. We further reveal some other ambi-
guities and inconsistencies in the theory and we make new
suggestions.

1 Introduction

There are a couple of theories on the geometry of thermo-
dynamics which have been applied to black hole thermo-
dynamics [1–8]. The metrics by Weinhold [1–5] and Rup-
peiner [6] have received criticisms for not being Legendre
invariant [9]. For the Ruppeiner metric, however, this short-
coming has been remedied by proving the existence of a
one-to-one correspondence between the divergences of the
heat capacities and those of the curvature scalars for ther-
modynamic descriptions where the potentials are related to
the mass (instead of the entropy) by Legendre transforma-
tions [10]. This has resulted in full agreement of the classical
and the geometric descriptions of the black hole thermody-
namics for most of applications met in the literature [10] and
thus has corroborated the theory of the geometry of thermo-
dynamics. While the theory by Liu et al. [7] has only received
support so far [11,12], the geometrothermodynamics (GTD)
by Quevedo [9] has been subject to both criticisms [13,14]
and support [11,12] from a physical point of view. This work
presents a first criticism to GTD from a mathematical as well
as a physical point of view.

Prior to this criticism, we have generalized in [15] the
change of representation formula derived mostly for GTD
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application purposes by Quevedo et al. [16]. Such general-
izations allow us to include all physical applications, particu-
larly, applications to black hole thermodynamics, cosmology,
and fluid thermodynamics.

Since this work is a series of comments and criticisms on
GTD, more precisely on the conclusions derived by GTD,
we assume that this theory is known to the readers and we
refer to the work by Quevedo et al. [8,9].

The remaining part of this work is divided into two sec-
tions and an Appendix. In Sect. 2 we introduce two types
of extensive thermodynamic variables, the natural ones, Ea ,
are used to express the first law of thermodynamics and the
modified variables, E ′a , in terms of which the thermody-
namic potential is a homogeneous function of some order,
say, β.

The use of Ea , instead of the modified extensive variables
E ′a , can lead to misleading results in GTD and any other
fields [17–20] where potentials which are not homogeneous
first-order functions are used. We particularly show how the
confusion of these sets of extensive thermodynamic variables
was the source of misleading conclusions and derivations
by the authors of GTD. We will also derive a generalized
Euler identity, that is, an Euler identity for thermodynamic
potentials that are not homogeneous first-order functions, as
well as a generalized Gibbs–Duhem relation applicable to a
wide range a physical problems and other useful relations.
These derivations do not constitute the main purpose of this
work; rather, they constitute a tool for revealing discrepancies
of GTD and suggesting possible remedies.

In black hole thermodynamics the use of the modified
extensive variables E ′a was first introduced by Davies [17].
Further developments have led to the formulation of the pos-
tulates of gravitational thermodynamics [21] where it was
clearly emphasized that “fundamental equations are in gen-
eral no longer homogeneous first-order functions of their
extensive variables”. The analysis developed in Sect. 2, con-
cerning the introduction of the modified extensive variables
E ′a , follows closely that presented in [17].
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In Sect. 3 we comment on a series of papers by Quevedo
et al. In the Appendix, we derive a useful relation, that is, the
Smarr formula for Kerr black hole in d-dimensions, needed
in Sect. 3.

Our main purpose in commenting on GTD and criticizing
it is to provide a platform for improving the theory, which has
received support from other workers as mentioned earlier in
this section. In Sect. 4 we draw our conclusions concerning
possible remedies to the theory.

2 Homogeneous potentials

In this work we use the convention by which repeated indices
are summed except when otherwise mentioned. We use the
same notations as in [8] to denote the thermodynamic quanti-
ties. This has always been the same notation in all papers on
GTD. Hence (Ea, I a) denote extensive and intensive ther-
modynamic variables, respectively, with Ia(Ea) = ∂Φ/∂ Ea

(Ia = δab I b) and Φ(Ea) is some thermodynamic potential.
The first law of thermodynamics takes the form

dΦ = Ia dEa (� over a, a = 1, 2, . . .). (1)

The knowledge of Φ is crucial for the determination of the
thermodynamic properties of the system under consideration
and for its phase transitions. In classical thermodynamics, Φ
is a homogeneous first-order function of the variables Ea ,
which are called the natural variables [22], and the I a are
homogeneous zero-order functions of their extensive vari-
ables. The equations Ia(Ea) ≡ ∂Φ/∂ Ea are called equations
of state.

In some thermodynamical problems [17–20], including
black holes, Φ appears to be homogeneous of some other
set of extensive variables [15], denoted here by E ′a , which
is in general different from the natural set Ea in terms of
which the first law (1) is formulated (as we shall see below,
there are cases where Φ is not homogeneous at all). This
is to say that in some fields of thermodynamics, Φ is not
a homogeneous first-order function of its natural extensive
variables Ea , contrary to one of the postulates of classical
thermodynamics.

To the best of our knowledge, in all cases of interest, partic-
ularly in black holes thermodynamics as we shall see below,
the variables E ′a are power-law functions of Ea :

E ′a = (Ea)pa (no summation over a), (2)

where pa depends obviously on a. It was shown in [15] that
pa depends also on β:

pa ≡ pa(β), (3)

where β is the order of homogeneity of Φ. We shall re-
derive (3) in this section and show that we can always choose
β = 1. In the case of (2), this means that we can always make
Φ a homogeneous first-order function of the modified exten-
sive variables (Ea)pa instead of the natural ones Ea .

Before we give some examples from black hole thermo-
dynamics, we first consider the generic case where Φ is
homogeneous in E ′a of order β: Φ(λE ′a) = λβΦ(E ′a).
We restrict ourselves to the case of interest (2); then by the
Euler theorem we obtain

βΦ = E ′a ∂Φ

∂ E ′a (� over a) (4)

= Ea

pa

∂Φ

∂ Ea
(� over a) (5)

where we have used ∂ E ′a/∂ Ea = pa(Ea)pa−1 (no summa-
tion over a). Equation (5) generalizes the Euler identity to
cases where the potential Φ fails to be homogeneous in the
natural thermodynamic variables Ea in terms of which the
first law (1) is formulated. Thus, in general, we have

βΦ �= Ea∂Φ/∂ Ea . (6)

We have noticed that the authors of GTD, Quevedo et
al., have always assumed βΦ ≡ Ea∂Φ/∂ Ea (or resp. Φ ∝
Ea∂Φ/∂ Ea), thus they have admitted that all pa ≡ 1 (or
resp. all1 pa are equal), which is, on the one hand, a very
restrictive constraint and rarely met in black hole thermo-
dynamics, cosmology, fluid thermodynamics or other fields
of thermodynamics and, on the other hand, the constraint
was applied indiscriminately to all problems the authors have
tackled even when Φ was not homogeneous at all! We have
realized that their assumption occurred in the paragraph fol-
lowing Eq. (37) of Ref. [8], in Eqs. (2), (4), and (11) [and
probably 12] of Ref. [9], in the paragraph following Eq. (13)
of Ref. [9], in Eq. (4) of Ref. [23], in the paragraph follow-
ing Eq. (6) of Ref. [23], in the paragraph following Eq. (33)
of Ref. [24], and in Eq. (6) of Ref. [25]; it has occurred in
other related papers too as we shall see below and recently
in Eq. (1) of [26].

Before we proceed with Eqs. (4) and (5), we first give
an example from black hole thermodynamics. Some other
examples are provided in [12,15,17,27,28]. Consider the
Reissner–Nordström black hole where its mass is taken as
a thermodynamic potential [29] (see also [9])

M = (π S−1/2 Q2 + S1/2)/(2
√

π). (7)

1 When all pa are equal, it is safe to write Φ ∝ Ea∂Φ/∂ Ea but it
is neither correct nor is it safe, as we shall see in case (c) of Sect. 3
concerning Kerr black holes in d-dimensions, to assume and use the
equality Φ = Ea∂Φ/∂ Ea .
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The natural extensive thermodynamic variables that enter the
first law are (S, Q):

dM = T dS + φdQ (8)

where

T = (∂ M/∂S)Q, φ = (∂ M/∂ Q)S (9)

are the temperature and electric potential given by

T = S−3/2[S − π Q2]/(4√
π), φ = √

π S−1/2 Q. (10)

Now, it is straightforward to check that M is not homoge-
neous in (S, Q) because it is not possible to find a real β such
that M(λS, λQ) = λβ M(S, Q); rather, it is homogeneous in
(S, Q2) of order β = 1/2

M(λS, λQ2) = λβ M(S, Q2) with β = 1/2 (11)

leading to the Euler identity (4), (5)

M/2 = S(∂ M/∂S)Q + Q2[∂ M/∂(Q2)]S (12)

= ST + Qφ/2 (13)

where we have used the definitions (9) of T and φ along
with [∂ M/∂(Q2)]S = [∂ M/∂ Q]S/(2Q), p1 ≡ pS = 1
and p2 ≡ pQ = 2. It is straightforward to check that the
right-hand side of (13) is equal to M/2 on substituting the
expressions of T and φ given in (10).

Now, rewriting the expression (7) of M as

M = [π(Sγ )−1/(2γ )(Q2γ )1/γ + (Sγ )1/(2γ )]/(2√
π), (14)

where γ > 0, one sees that the same function M is also homo-
geneous in (Sγ , Q2γ ) of order β = (1/2)/γ . For instance,
if we choose γ = 3, leading to p1 ≡ pS = γ = 3 and
p2 ≡ pQ = 2γ = 6, we obtain using (5)

M

6
= S3

(
∂ M

∂(S3)

)
Q

+ Q6
(

∂ M

∂(Q6)

)
S

= ST

3
+ Qφ

6
, (15)

which is identical to (13). If one chooses γ = 1/2, the same
expression (7) of M appears to be homogeneous in (S1/2, Q)
of order β = 1 with p1 ≡ pS = 1/2 and p2 ≡ pQ = 1. As
one sees, there is a one-to-one correspondence:

order of homogeneity ↔ values of the pa . (16)

As a general rule: if f is homogeneous in (x, y, . . .) of
order β, then it is also homogeneous in (xγ , yγ , . . .) of
order β/γ . Since γ is arbitrary, this means that the order

of homogeneity can be any number one chooses; one partic-
ular choice is γ = β by which f is rendered homogeneous in
(xβ, yβ, . . .) of order 1. This means that one can always fix
the value of the order of homogeneity to 1 [15] by modifying
the values of the powers pa , which depend on the order of
homogeneity as we have seen in our previous example, and
conversely the order of homogeneity depends on the pa .

If now β is some generic order of homogeneity of Φ, it is
clear that (3) holds.

Now back to (5). On dividing both sides of this equation
by β we obtain

Φ = Ea

p̄a

∂Φ

∂ Ea
(� over a) (17)

where p̄a ≡ βpa(β). Here Φ appears as homogeneous in
(Ea) p̄a of order 1. Thus, the powers p̄a are those associated
with an order of homogeneity equal to 1. The importance of
the p̄a is that they depend neither on a particular choice of
the order of homogeneity nor on the values of the pa . If a
generic value β of the order of homogeneity is known along
with the pa , as in the previous example, then

p̄a = βpa(β), (18)

where the right-hand side does not depend on a particular
choice of β, as this can easily be checked using the different
values of the order of homogeneity in the example of the
function M given by (7).

Another useful generalization is that of the Gibbs–Duhem
relation, which on using (5), takes the form

Ea

pa
dIa =

(
β − 1

pa

)
IadEa (� over a), (19)

or, equivalently, the form

Ea

p̄a
dIa =

(
1 − 1

p̄a

)
IadEa (� over a). (20)

One sees that only in the case where all p̄a ≡ 1, the rela-
tion (20) reduces to the classical-thermodynamic Gibbs–
Duhem one: EadIa = 0. In the case where all p̄a are equal
but different from 1, Eq. (20) is still different from, and gener-
alizes, the classical-thermodynamic Gibbs–Duhem relation.

3 Comments and criticisms

We now see some of the consequences of the above-
mentioned assumption and give our first example of mis-
leading results in GTD where Quevedo et al. assumed that
Ea∂Φ/∂ Ea is proportional to Φ when, according to (6) or
(17), it is not.
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3.1 Reissner–Nordström black holes in d-dimensions

Consider Eq. (20) of [8], which we rewrite setting

D ≡ (d − 3)/(d − 2) (21)

as

H(S, φ) = −SD(2Dφ2− 1)/2 = −SDB3/[2(d − 2)] (22)

where the correct expression of φ is

φ = Q/(2DSD) (23)

instead of φ = Q/(2DS1/D) as given in Eq. (13) of [8] and
the temperature is such that

T ∝ (2DS2D − Q2). (24)

The extremal black hole of this d-dimensional Reissner–
Nordström solution corresponds to (see Eqs. (13) and (14)
of [8])

Q2 = 2DM2, Q2 = 2DS2D, T ≡ 0. (25)

According to Eqs. (8) and (34) of [8], the coefficient

A3 = (6d − 14)φ2 − (d − 2) (26)

is proportional to S(∂ H/∂S)φ + φ(∂ H/∂φ)S . Since the
authors of [8] assumed, in the paragraph following Eq. (37)
of [8], that S(∂ H/∂S)φ +φ(∂ H/∂φ)S ∝ H , they concluded
that the right-hand sides in (22) and (26) are proportional,
which resulted in H = 0 ⇔ A3 = 0. First of all, this is
not possible, since H = 0 (or B3 = 0 and S �= 0), results
in φ2 = 1/(2D) leading to A3 = 2(d − 1)/D �= 0. Sec-
ond, H as given in (22) is not homogeneous in (S, φ) nor
is it homogeneous in (Sr , φt ) for all r �= 0 and t �= 0,
for it is not possible to find r �= 0 and t �= 0 such that
H(λSr , λφt ) = λβ H(Sr , φt ).

We see that H = 0 (B3 = 0) leads to φ2 = 1/(2D) or,
using (23), to S2D = Q2/(2D), which is the extremal black
hole (25) where the temperature (24) vanishes but A3 �= 0.
Thus, the conclusion drawn in the paragraph following Eq.
(37) of [8], asserting that gI I

H is singular, is not valid; rather,
the metric gI I

H (Eq. (34) of [8]) is not singular or degenerate
in the extremal black hole limit since det gI I

H �= 0.
We conclude that the scalar curvature diverges for H = 0

(Eq. (35) of [8]) while the metric gI I
H remains regular. This

should signal, according to GTD itself (see the paragraph fol-
lowing Eq. (6) of [8]), a second order phase transition while
the thermodynamic classical description asserts no phase
transition in this case (see the paragraph following Eq. (21)

of [8]). This discrepancy (1) constitutes a failure to describe
the case Φ = H by GTD or (2) may lead one to modify the
form of the metric gI I in Eq. (8) of [8]. One should also ques-
tion the thermodynamic classical treatment performed in [8]
in the case Φ = H . However, we verify that the discrepancy
persists.

3.2 Charged and rotating black holes

Another instance of misleading result in GTD occurred in
the paragraph following Eq. (13) of [9] where the misleading
equation βM = T S + �H J + φQ was used to justify the
presence of the factor M in Eq. (11) of [9]. By writing this,
the authors have thus assumed that all pa are equal without,
however, fixing the value of β.

The correct equation is M/2 = T S + �H J + φQ/2 (see
Eqs. (2.6) to (2.9) of [17]), thus the conformal factor present
in Eq. (11) of [9], T S + �H J + φQ, is rather proportional
to M + φQ and not to M .

As is clear from the two previous examples, the authors
of GTD have always treated equally the natural extensive
variables (Ea) expressing the first law and the modified
extensive variables (E ′a) in which the potential is homoge-
neous: Whenever they deal with a thermodynamic potential
of some number of variables, f (x, y, z, . . .), they write β f =
x∂ f/∂x+y∂ f/∂y+· · · or f ∝ x∂ f/∂x+y∂ f/∂y+· · · even
if f is not homogeneous as in (22). In black hole thermody-
namics, the shape of the Euler identity, which is not fixed
a priori, is determined only once the explicit mathematical
expression of f (x, y, z, . . .) is known.

3.3 Kerr black holes in d-dimensions

A final point in our comments is the following, rather inter-
esting, example.

First consider Eq. (47) of [8] (Kerr black hole in d-
dimensions):

gI I
S = − M − �J

T 2(T S + �J )
gI I

M . (27)

This last equation is a straightforward application of the
change of representation formula, Eq. (53) of [16], which
was derived by the authors of GTD taking β = 1 and all
pa ≡ 1 (see Eq. (34) of [16]):

gE (i) = −
[

I −1
(i) E (i) 1

Ia Ea

]
gΦ [� over a, no � over (i)].

(28)

We stress that the realm of applicability of the change of the
representation formula (28) is restricted by the constraints
β = 1 and all pa ≡ 1 the authors have imposed. For instance,
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Eq. (28) does not apply to cases where all pa are equal but all
different from 1. As shown in the Appendix, this is precisely
the case of Kerr black holes in d-dimensions.

Now back to Kerr black holes in d-dimensions. The
authors of [8] obtained (27) from (28) on substituting: E (i) =
S, Φ = M , I(i) = T , Ia Ea = T S + �J , gE (i) = gI I

S ,
and gΦ = gI I

M . This is an inappropriate application of (28),
since the authors did not check whether all p̄a are equal to
1. To show that explicitly, note that the direct substitution of
E (i) = S, Φ = M , I(i) = T , Ia Ea = T S+�J , gE (i) = gI I

S ,
and gΦ = gI I

M in (28) yields the same expression as (27) but
with ST in the numerator instead of M − �J :

gI I
S = − ST

T 2(T S + �J )
gI I

M . (29)

To reduce (29) to (27), the authors have assumed M(S, J ) =
T S + �J [= (∂ M/∂S)S + (∂ M/∂ J )J ], thus taking β = 1
and all pa ≡ 1 for Kerr black holes in d-dimensions. Where
does such a formula, M(S, J ) = T S + �J , come from?2

According to the second paragraph following Eq. (15) and
[15], we can always choose β = 1 but once this is done, as
we shall see also in the Appendix, all pa acquire well fixed
values [Eqs. (3), (37)] that are functions of the parameters of
the problem.

Moreover, it is straightforward to check that M(S, J ) =
T S+�J is not correct by evaluating its right-hand side using
the expressions of T (= ∂ M/∂S) and �(= ∂ M/∂ J ) given in
Eq. (42) of [8], then comparing the result with the expression
of M given in Eq. (41) of [8]. Rather, the correct expression
is (see the Appendix):

DM(S, J ) = T S + �J, (30)

which reduces to Eq. (2.9) of [17] (with Q = 0) if d = 4
[⇒ D = 1/2 by (21)].

As shown in the Appendix, and as is obvious from (30),
M(S, J ) is homogeneous in (SD, J D) of order 1 or homo-
geneous in (S, J ) of order D. We will work with the for-
mer option. But, with β = 1, p1 = pS = D �= 1, and
p2 = pJ = D �= 1, so we cannot use (28), which was
derived assuming β = 1 and all pa ≡ 1 (see Eq. (34) of [16]).

We first had to generalize (28) to include the case where
pa �= 1 [15]. Thus, if the order of homogeneity is chosen
equal 1 and all or some p̄a �= 1, then [15]

2 And where does the formula U (S, V ) = ST − PV , which has been
used in Eq. (20) of [30], come from? Here U (S, V ) is supposed to be
arbitrary in [30], and thus it is not known explicitly. Such a formula
is not even valid for a monatomic ideal gas with PV = n RT and
U = 3n RT/2, for this would lead to S = constant.

gE (i) = −Φ−∑
j �=i I j E j +∑

j �=i ( p̄ −1
(i) − p̄ −1

j )I j E j

I 2
(i)(Ia Ea)

gΦ,

[� over a, (i) fixed] . (31)

where p̄a are the values of the pa corresponding to an order of
homogeneity equal 1 [see Eq. (18)],

∑
j �=i I j E j = Ia Ea −

I(i)E (i) and Φ is given by (17) [or by (5) on setting β = 1
and pa = p̄a]: Φ = I(i)E (i)/ p̄(i) + ∑

j �=i I j E j/ p̄ j .
Applying (31) to Kerr black holes in d-dimensions with

all p̄a = D, ( p̄(i) = D, p̄ j = D),

E (i) = S, I(i) = T, Ia Ea = T S + �J,
∑
j �=i

I j E j = �J,

Φ = (T S + �J )/D = M [see (30)],
gE (i) = gI I

S , gΦ = gI I
M ,

we obtain

gI I
S = − M − �J

T 2(T S + �J )
gI I

M , (32)

which is Eq. (27) of this paper (Eq. (47) of [8]) that the authors
of [8] have reached upon using the inappropriate formula (28)
and admitting that M(S, J ) = T S+�J holds for Kerr black
holes in d-dimensions.

The fact that the authors of [8] have reached the correct
formula (32) is, as explained in the Conclusion, due to the
property that all p̄a are equal. This property makes the confor-
mal factor, Ia Ea = T S + �J , that the authors have chosen,
proportional to Φ = M , as Eq. (30) shows.

The case where all pa (or p̄a) are equal is not always
met (see the Appendix). Even if all pa are equal but different
from 1, formula (28) is still not valid. From this point of view,
Eq. (54) of [16] and Eq. (20) of [30], where (28) has been
used, are not valid because U (S, V ) is not known explicitly
to assert that all pa ≡ 1. In these last two references, the
authors, applying inappropriately formula (28), thought of
ST as U + PV , thus they assumed U (S, V ) = ST − PV
to be a universal law, that is, U (S, V ) is homogeneous in
(S, V ) of order 1 for all thermodynamic systems. But such
a law does not even apply to an ideal gas where we have
U = ST − PV + μN with N being the one-component
particle number, μ = −kT ln(AkT/P) is the chemical
potential, A ≡ (2πmkT/h2)3/2, S = Nk ln(Ae5/2V/N ),
U = 3NkT/2, and kT/P = V/N [31].

Hence, for a general potential U (S, V ), the conclusion
drawn in the paragraph following Eq. (21) of [30] may no
longer apply since the coefficient in Eq. (21) of [30] has a
more complicated structure, which is given by Eq. (31) of
the present paper. This means that, besides the ambiguities
that may occur if one uses gI I

U , as clarified in the paragraph
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preceding Section 4 of [30], other ambiguities may occur if
one uses gI I

S .

4 Conclusion

We have concluded that the natural extrinsic thermodynamic
variables expressing the first law of thermodynamics are not
the same variables as the ones in which the thermodynamic
potentials are homogeneous. This makes black hole thermo-
dynamics a bit different from the classical one. Generaliza-
tions of classical-thermodynamics laws to apply to black hole
thermodynamics are, however, possible and as an example
we derived the generalized Gibbs–Duhem relation and we
extended the Euler identity. Other generalizations were made
in [15].

The misleading results and conclusions by the authors of
GTD, due to the indiscriminate use of the natural thermody-
namic variables and modified ones in black hole thermody-
namics, has lead us to discover and reveal some other ambi-
guities and inconsistencies in the theory which were never
discussed in the literature:

1. The notion of ensembles is ambiguous in GTD.
2. How is the conformal factor, which appears in the metric

of GTD and is usually taken as Ea∂Φ/∂ Ea (� over a),
related to ensembles? Is there a one-to-one relationship
from the set of conformal factors to the set of ensembles?
If not, and mostly this is going to be the case, there should
be an equivalent relation regrouping different conformal
factors into equivalent sets where a representative from
each set is in a one-to-one relation with an element from
the set of ensembles.

3. It might seem possible to solve some inconsistencies in
GTD had we chosen this conformal factor proportional
to Φ, that is, of the form (Ea/ p̄a)∂Φ/∂ Ea (� over a)
if Φ were homogeneous. This is true for the case (c) of
Sect. 3 where no inconsistency occurs since the authors
of [8] have taken the conformal factor = Ea∂Φ/∂ Ea ∝
(Ea/ p̄a)∂Φ/∂ Ea , which results from the fact that all p̄a

are equal.
However, if the conformal factor is different from
Ea∂Φ/∂ Ea , one needs to modify the change of repre-
sentation formula (31). If this factor is taken equal to Φ,
we replace Ia Ea in the denominator of (31) by Φ, and
therefore the equation becomes

gE (i)

gΦ
=−Φ−∑

j �=i I j E j +∑
j �=i ( p̄ −1

(i) − p̄ −1
j )I j E j

I 2
(i)Φ

.

(33)

Other successful choices of this factor were made by the
authors of GTD [16], among which we find the form

ξa
b Ia Eb. In spite of what has been done in this work, the

latter choice may not be one of the appropriate choices
for black hole thermodynamics, since it makes use of
natural extensive thermodynamic variables instead of
the modified ones. A more appropriate choice could be
ξa

b Ia Eb/pb. If this is the case, one needs to replace the
factor ξa

b Ia Eb in Eq. (20) of [15] by ξa
b Ia Eb/pb, yielding

gE (i) = − 1

β I(i)

[
ξ

(i)
(i) E (i)

p(i)
+

∑
j �=i

(
ξ

(i)
(i)

p(i)
− ξ

j
j β

)
I j E j

I(i)

]

× gΦ

(ξa
b Ia Eb/pb)

. (34)

4. If Φ is not homogeneous, as in the case (a) of Sect. 3,
one may consider to define this conformal factor using
generalized homogeneous functions [32,33].
Generalized homogeneous functions seem to be the most
appropriate available way to define the conformal factor
even if Φ were homogeneous. In fact, these functions
introduced for the first time in [32] have the properties
that their derivatives and their Legendre transforms are
also generalized homogeneous functions. The latter prop-
erty is not satisfied in the change of representation in GTD
made in [16, Sect. IV] where it is admitted that the new
representation E (i) is not a homogeneous function when
the old representation Φ is.

Open Access This article is distributed under the terms of the Creative
Commons Attribution License which permits any use, distribution, and
reproduction in any medium, provided the original author(s) and the
source are credited.
Funded by SCOAP3 / License Version CC BY 4.0.

Appendix: Smarr formula for Kerr black hole
in d-dimensions

The purpose is to show that M(S, J ) as given by Eq. (41)
of [8]

M(S, J ) = d − 2

4
SD

[
1 + 4J 2

S2

]1/(d−2)

(35)

is homogeneous in (SD, J D) of order 1 [or, equivalently,
homogeneous in (S, J ) of order D]. Assume that M(λS pS , λ

J pJ ) = λβ M(S pS , J pJ ). To determine pS , pJ in terms
of β we evaluate the right-hand side of (35) at the point
(λ1/pS S, λ1/pJ J )

d − 2

4
λD/pS SD

[
1 + 4λ2/pJ J 2

λ2/pS S2

]1/(d−2)

(36)

123
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which we set equal to λβ M(S, J ). This leads to

pS = pJ and β = D/pS or: pS(β) = pJ (β) = D/β.

(37)

This is the special case where all pa are equal. If in (37) we
choose β = 1, we obtain pS = pJ = D and we are led to

M(λSD, λJ D) = λM(SD, J D) (38)

where M(SD, J D) is not the value of the right-hand side
of (35) evaluated at the point (SD, J D); rather it is the same
expression (35) with (s, j) = (SD, J D) taken as independent
variables:

M(SD, J D) = d − 2

4
SD

[
1 + 4(J D)2/D

(SD)2/D

]1/(d−2)

. (39)

If we choose β = D, we obtain pS = pJ = 1 and we are
led to

M(λS, λJ ) = λD M(S, J ). (40)

Both Eqs. (38) and (40) are correct and lead to the same
Euler identity (30), which can be verified on evaluating its
right-hand side using the expressions of T = ∂ M/∂S and
� = ∂ M/∂ J given in Eq. (42) of [8]. This also confirms the
fact that the pa depend on β but the product βpa(β) = p̄a

does not [Eq. (18)].
If we consider the thermodynamics of Reissner–Nordström

black holes in d dimensions [34] and apply the same pro-
cedure to Eq. (12) of [8], assuming M(λS pS , λQ pQ ) =
λβ M(S pS , Q pQ ) we find pS(β) = D/β, pQ(β) = 1/β [15].
If we choose β = 1, this leads to pQ = 1, pS = D. On apply-
ing (5) we obtain DM = T S + DφQ with T = (∂ M/∂S)Q ,
φ = (∂ M/∂ Q)S [15]. In this case, it is not possible to have
pQ = pS for all β.
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